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Abstract: 

Merca obtained an expression involving the partition function 𝑝 (𝑛 ) and Euler’s totient function 𝜑(𝑘 ), which can be 

written using a lower triangular matrix whose inversión gives the relation deduced by Alegri-Prajapati-(López-Bonilla) for 𝑝 (𝑚) 

in terms of 𝜑 𝑗  . 
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1. Introduction: 

Merca [1] deduced the expression:  

     𝑘𝑛
𝑘 =1  𝑝  𝑛 − 𝑘  =  𝜑(𝑘 )𝑛

𝑘 =1 𝑆 𝑛 ,𝑘  ,                                (1) 

Involving the partition and Euler totient functions [2-5], where𝑆 𝑛 ,𝑘  is the number of k’s in all partitions of n. Similarly [1]: 

    𝑝  𝑛  =  𝜇 (𝑘 )𝑛 +1
𝑘 =1 𝑆 𝑛 +1,𝑘  ,                                                 (2) 

With the participation of the Möbius function [2, 6, 7]. The relations (1) and (2) provide remarkable properties connecting a 

function of multiplicative number theory with one of additive number theory. 

If we introduce the lower triangular matrix: 
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,                                         (3) 

That is, 𝐴𝑚,𝑚−𝑗 = 𝑗 + 1, 𝑗 = 0, 1, … , 𝑛 − 1,   𝑚 = 𝑗 + 1, 𝑗 + 2, … , 𝑛 , then from (1) we obtain the following explicit relation 

for the partition function: 

  

𝑝 (0)
𝑝 (1)

⋮
𝑝 (𝑛 − 1)

 = 𝑨−1  

𝑞 (1)
𝑞 (2)

⋮
𝑞 (𝑛 )

 ,      𝑞  𝑚 ∶=  𝜑(𝑘 )𝑚
𝑘 =1 𝑆 𝑚,𝑘  ,   1 ≤ 𝑚 ≤ 𝑛  .                              (4) 

In Sec. 2 we determine the inverse of matrix (3) and thus (4) generates to 𝑝 (𝑛 ) in terms of 𝜑 𝑗  . 
2. Inversion of 𝑨  

The inversion of (3) is immediate if we use the technique indicated in [8], hence: 

   𝑨−1 =
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−2 1 0   0 0 0 ⋯ 0
1

0
0

0
⋮
0

−2

1
0

0
⋮
0

1    0 0 0 ⋯  0
−2 1 0 0 ⋯ 0
1 −2 1 0 ⋱ ⋮
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,                                                   (5) 

Whose application in (4) gives the property: 

 𝑝  𝑚 = 𝑞  𝑚 + 1 − 2 𝑞  𝑚 + 𝑞  𝑚− 1 ,   𝑚 = 0, 1, 2, … ,     𝑞  −1 = 𝑞  0 = 0,          (6) 

Which is equivalent to the following formula: 

 𝑝  𝑛  =  𝜑(𝑘 )𝑛 +1
𝑘 =1  𝑆 𝑛 +1,𝑘 − 2 𝑆 𝑛 ,𝑘 + 𝑆 𝑛 −1,𝑘  ,        𝑛 ≥ 0,                                          (7) 

Because 𝑆 𝑛 ,𝑚 = 0,   𝑛 < 𝑚,   𝑆 𝑟 ,0 = 0, 𝑟 ≥ 0, 𝑆 𝑡 +1,𝑡 = 1, 𝑡 ≥ 2, 𝑆 𝑗 ,𝑗 = 1, 𝑗  ≥ 1; this expression (7) was deduced in [9] 

employing the Z-transform [10, 11]. 

Thus, our analysis shows that the inverse of certain lower triangular matrix allows obtain the explicit relation (7) for the 

partition function 𝑝 (𝑛 ) in terms of Euler’s totient. 
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