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Abstract:

The main purpose of this paper to introduce the concept of Intuitionistic fuzzy anti n-normed linear
space. In this paper we have introduced the definition of intuitionistic fuzzy anti n-normed linear space and gave
some example on it.
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Introduction:

The concept of fuzzy set was introduced by Zadeh in 1965 and thereafter several authors applied it in
different brances of pure and applied Mathematics. The idea of Intuitionistic fuzzy set was published by K. T.
Atanassov. The concept of fuzzy norms was introduced by Katsaras in 1984. In 1992 Felbin introduced the
concept of fuzzy normed linear space. The concept of Fuzzy 2-normed linear space was introduced by A. R.
Meenakshi and R. Gokilavani in 2001. Thangaraj Beulla. Jebril and Samanta gave the definition of Fuzzy anti
normed linear space in 2011. A. L. Narayanan and S. Vijaya Balaji have introduced the notion of Fuzzy n-
normed linear space. In this paper we introduced the Intuitionistic fuzzy anti n-normed linear space.
Preliminaries:

Definition 1.1: A set is defined by a membership function or characteristic function is called a fuzzy set. A
fuzzy set is defined by,
A={x,}, (x)} such that xeX and W, (x)€[0,1] is called membership grade.
Definition 1.2: An intuitionistic fuzzy set A is a non-empty set X is an object having the form,
A={X, W, (X), va(x) where xeX}

Where the function p,:E—[0,1] and v:E—[0,1] denotes respectively the degree of membership and non-
membership of the element X€E, such that 0<p, (X)+v, (x)<I for every x€E.
Definition 1.3: Let N be a complex (or real) linear space. A norm on N is a functionl I: N —=R such that for all x,
y € N and all o eC(or R)

1. IxI>0 and IxI>0 0if and only if x=0I

2. Ixt+yl<ixi+lyl

3. laxI=|afixl
The non-negative real number Ixl is the abstract analogue of the length in Euclidean space. A linear space with a
norm | | defined on it as above is called normed linear space.
Definition 1.4: Let X be a linear space over the field F. A fuzzy subset N of Xx R(R is the set of all real
numbers) is called a fuzzy norm on X if and only if for all x,ueX and ceK,

1. forall teR, with t<0, N(x,t)=0

2. forall teR, with t>0, N(x,t)=1 if and only if x=0

3. forall teR, with t>0, N(cx,t)=N(x,t/|c|) if c£0

4. forall steR, x,ueX, N(x+u,s+t)>min {N(x,s),N(x,t)}

5. N(x,*) is non-decreasing function of R and lim,_,,, N(x,t) = 1
The pair (X, N) will be referred as fuzzy normed linear space.
Definition 1.5: Let X be a linear space over the field. A fuzzy subset N of Xx X xR (R is the set of real
numbers) is called a fuzzy 2-normed norm onX if and only if,

1. for all teR, with t<0, N(x4,X,,t) = 0
for all teR, with t>0, N(x4, x,,t) = 1if and only if x;and x, are linearly dependent.
N(x1, X5, t) is invariant under any permutation of x;and x,.
for all teR, with t>0, N(xl, Xy, t) = N(xq, X3, t/|c|) if c#0 and c€EF
for all s,teR, N(x, X, + Xy, s + t) =min{N(x, X,, s), N(Xq, X5, t)}
N(x4, X,,*) is non-decreasing function of R and lim,_,,, N(xq, x5, t)=1
Then (X N) is called fuzzy 2-normed linear space.
Definition 1.6: Let X be a linear space over a real field F. A fuzzy subset N of X"xR (R- set of all real numbers)
is called fuzzy n-norm on X if and only if:

1. For all teR with t<0, N(x4, X3 ...., X, t)=0
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For all teR with t>0, N(x4, X5 ...., x,, t)=1 ifand only if x;, X5, «u v oo x, are linearly depedent.
N(x1,X,...., Xy, t) is invariant under any permutation of x;, X, ... ... ... Xy
For all teR with t>0, N(xy,xp ., cxy, )= N(xq,x;
Forall s,teR, N(xq, %5 X, + Xy, S + )< min{N(xy, X,
N(xq, X3, ... X, t) IS @ non- decreasing function of teR and l1mt_,c,o N(xl, Xy
Then (X N) is called a fuzzy n-normed linear space or in short f-n-NLS.
Definition 1.7: Let U be a linear space over a field F.A fuzzy subset N* of X xR such that for x,ueX and ceF,
1. forall teR, with t<0,N*(x,t)=1
2. forall teR, with t<0,N*(x,t)=0 if and only if x=0
3. forall teR, with t<0,N*(cx,t)=N*(x,t/|c|) if c£0 and cEF -
4. forall s,teR, N*(x+u, stt)<max {N*(x,s),N*(u,t)}
5. N*(x,t) is non-increasing function of teR and lim,_,., N*(x.t) = 0
Then N is said to be a anti-norm on a linear space U and the pair (U,N*) is called fuzzy anti-normed linear
space.
Definition 1.8: Let U be linear space over a real field. A fuzzy subset N* of Ux U X R such that for all x,y,ueU:
1. for all teR with t<0, N*(x,y,t)=1
for all teR with t<0, N*(x,y,t)=0 if and only if x,y are linearly dependent.
N*(x,y,t) is invariant under any permutation of X,y
for all teR with t<0, N*(x,cy,t)=N*(x,y,t/|c|) if ¢#0 and c€F
for all s,teR with t<0, N*(x,y+u,s+t)<max {N*(x,y,s),N*(x,y,t)}
N*(x,y,t) is a non-incresing function for teR and lim,_,,, N*(x.y,t) = 0, Then N* is said to be a fuzzy
anti2-norm on a linear space U and the pair (U,N*) is called a fuzzy anti 2-normed linear space or in
short Fa-2-NLS.
The following condition of fuzzy anti2-norm N* will be later on
7. for all teR with t<0, N*(x,y,t)<1 implies that X,y are linearly dependent
Definition 1.9: Let X be a linear space over the field F. A fuzzy subset N* of XxXx....xXxR (R is the set of all
real numbers) is called a fuzzy anti-norm on X if and only if,
1. forall teR, with t<0, N*(xq, X, «.e ... . Xp, )=1
for all teR, with t>0, N*(x4, X, ... .... X,, t)=0 if and only if x4, X,, ... .... x,, are linearly independent.
N*(x1, Xy, ... ... . X, £) IS invariant under any permutation of x4, x5, ... ... X,.
for all teR, with t>0, N*(x4, X5, ... Xy, t)= N*(x4, X3, ... .. cxy, t/|c|) where c¢#0, ceF.
for all s,teR, with t>0, N*(xq, X5, ... ... X, + X, S + t)<max{ N*(x;, X, ... ... Xn, S), (X1, X2, cer v X, D}
N*(X1, Xg, v e . Xp,*) 1S NON- mcreasmg functlon of teR and lim;_, N * (X, Xy, ... ... X, £)=0.
Then (X N*) is called fuzzy anti n-normed linear space.
Definition 1.10: Let X be a linear space over the field F. A intuitionistic fuzzy subsets p*of XxXx... xX x R
and v*of XxXx... xX x R (R is the set of all real numbers) is called a intuituionistic fuzzy anti n — norm on X

.........
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if and only if
1. forall teER witht<0, W' (Xq,Xg, .., Xt) =1and v (Xq, Xz, e ver veeen, X, 1) =1
2. forall teRwitht >0, U (X1,X3, e ceeeeee, X, 1) = 0 if and only if x4, %5, ... ... ....., x,are linearly

independent and for all teR witht > 0, v*(x{,X;.....,%X,, t) =0 if and only if x4,x,,....,x, are
linearly independent .

(X1, X2 coe ee wee e, Xy £) ANA V(Xq, X2, cee eeneee ., Xy, t)0S invariant under any permutation of
X1, X2, cer wen e e, Xy
3. forall teR, with t > 0, u* (X1, X3, wr cer eeeve, CXpy, 1) = (X1, X3, cee ver weev o, X, HC]) Where ¢ #0 , ceF for all
teR, witht>0, v*(Xq,Xg, e cer eveee, Xy, £) =VI(Xq, Xg, e vee vee .-, X, V]d])  where d£0, d€F.
4. for all steR, with t > 0 W'(X{, Xz, oo e, Xp+Xp,8 + t ) < max {5 (Xq, Xg, e eor eeeve) Xp,S)
W (X1, X2, eor eee wee, X, )} for all s,teR, with t > 0,
V* (X1, Xg eereee e, X +Xp,S + 1) < mMax {v* (Xq, Xz, cor eeree v, Xp,5)
V' (Xq,Xg) eee e e, XD}
B (X1, X2, wee ven eve e o, Xppe 1) AND V¥ (Xq, X3, wev oo oo, X,1) - @re non increasing function of teR and lim,,_,., &
(X1, X2, cee vee e e, Xp,1)=0 and ii_{gov*(xl,xz, wew e e, Xp, 1) =0,

Then (x, p*, v*) is called intuituionistic fuzzy anti n-normed linear space.
Example 1.11: Let ( X, ||*,...,*|| ) be an n-normed linear space. Define,

" _ [1X1,X2,eeereeenX ] |
U (Xl,Xz,... ........,Xn,t)— m , whent>0,teR
, whent<0
VA (X1, Xgy e oo ey X 1) = X1%2 Xl \yhen t> 0, teR
reer ren (t+||x1,x2,...........,xn,||). ! !
1 , whent<0
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Then (X, u*v*) intuituionistic fuzzy anti n-normed linear space.

Proof:
1) For all teR, t<0, we have P* (X1, X3, cwv wee eev oo, X, 1) =1 @nd for all teR, t < 0, we have
V(XX e v, X ) =1
2) For all teR, t >0, W (X1, X2, v cer wve e, X, 1) =0 @NA V¥ (X1, Xp, cev ve e, X, 1) =0 0FF X, X5, e v een o, X T
linearly independent.
Let us assume that, B (X1, X2, «ov voe veeeo, X 1) = 0
: * _lx1x2, e,
Given that U* (X1, X2, e vee eve e, X, ) = iy
0 [Ix1.x2
(t+|Ix1.x2 . .
_ _ [1X1, X2, e e, X = 0
SO are xq, Xy, «. o e .., X, are linearly independent.
Conversely let us assume that xq,Xj, ...... ..., X, are linearly independent.
If X{,Xp, cvv weeveeeo, X, @re linearly independent then
[1%1, X2, cve vee v, X || = O | |
. * — )G . &/ FTITTTTr Xn
Given that 1" (X1, X2, v eve vee e, X, 1) = T T
_ 0
(t+0)
o (X1, Xg, eer veeeee o, Xp, 1) = 0
Similarly Let us assume that, v*(xq, Xy, <. eev wee oo, X, 1) =0
* — [1x1,X2,... 3
V (X1, X2, ceeveneeee e, X, 1) = o,
0 ||X1,X2
(t+||X1'X2
[ X1,X2, e ven v e, Xp || = 0 _
Soare Xq,X, .. ......., X, linearly independent.
Conversely let us assume that are x4, x5, ... ... ....., X, linearly independent.
If x{,Xy,.....,%, arelinearly independent then ||x4,X5, .....,X,|] = 0.
(LT T— Xn ||
VX1, X9, con e o, Xy, ) = ——2
(x1,%; n D) (EH] X 1,X e <n|D-
0
(t+0).
V' (X1, X, v e e, X)) = 0
3) We have to prove that P (Xq,X3, cwe wee e e, X, 1) @Nd V*(Xq, X5, v ev oeeeo, Xy, 1) @re invariant under any
permutation of x;, X5, v v vee, Xy
Forall teR, t> 0,
* (LS. T— »Xn—1Xn ||
X1, X2, cer enenn e, X, 1) = :
H ( a2 n ) (t+||x1,x2,...........,,xn_an||).
- RSB — »Xn Xn—1, Il
(t+||x1,xz,...........,,,xn,xn_1,||).
. = W (X1, Xy eee wee vee e Xy, Xp—1,1)
Similarly for all teR, t> 0,
" [1X1,X2) e Xn—1,Xn ||
VI(X1,X9, vr cee v, X, 1) = .
(a1, %2 D e ]
= ||X1'X2' """""" »XnXn—1, ||
EH[[X1,X2,eeeeeeennXn Xn =1, ||
=V (X1, X2, we een e v ey Xy Xp—1,1) _ _ _
SO W(X{, X2 eer e wee e, Xy 1) @Nd VI(Xq, X3, ven e e, X, 1) @re invariant under  any permutation of
X1, X2, cer wen e e, Xy
4) To prove: Forall t € R,
MY (X1, Xg, eoreeeveee ey CXpy £) = W (Xq, Xg, v een wenes, X, t|C]) Where ceF, c# 0
[1X1,X2, 000 eeveeeenCXpy ||
(X1, X9y en ven venen, CXpy, 1) =
H ( 172 n ) (t+||x1,x2,...........,,cxn||).
— cl|x1.x2,. WXl
(t+c||x1,x2,... xn,||).
— [1X1,X2, w0 eeseeeenX ||
(|2—|+||x1,x2,...........,,xn||).
= W(Xq, Xy eee wee wee -, X, HC])
For all teR, and d+#0, deF
[1X1,X2,eeeeeeeendXpy |
V(X1 X2, con vereenn, dXx,, 1) =
( 1,22 n ) (t+||x1,x2 ...,,dxn||).
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[[E S & TR Xn,||
(t+d|1x1,x2 000 xnl))-
[1X1,%X2, e verereenXn ||
-t
(m+| LS a—- )}

SV (X1, X9, eer eee wee e, X, t|d])
5) To prove: For all s, t €R, witht > 0,
W (X1, X2, wer e eer v, Xy FXp,8 + 1) SMAX {(Xq, X0, wor eee v e v, Xp,S)
(X1, X2, coe ee eee e, X, 0}

Ifa)s+t<0

b)s=t=0

c)s+t >0, s>0, t<0 and s<0, t>0. The result is obvious
d) If s+t>0, s>0, t>0. Then

% ' _ t+||x1,X2, .. Xn ||
M (X1, X2, ver eve e, X + X, 1) = AT "‘an;X;lH)
R T— X | H][X1X2 w00 xnll
(CER SR y— PO IEN[ SR y— X 1)
If 1 XgeXnll o IK1Xg %l 1)
(s+||x1,x2 ............. Xn”) T (XX Xn 1)

(t+ [1X1,Xg) eor ee weee s X - (1%, X2, o, X0 ) < {(s + X1, X2, wee e e e, X |-
(lIx1, Xz, wer e e, X0 D}
(t %10 g eor e e s X || 1K1, Xy ooy X b 1K X2y cvn e e, X || €
(S [1X1) X9y ver ver wee e s X || Fo K1) X2y wen e e, X ||
(R DD TS | ' S o 1| /2 ST o | -3 | D' S o |
1X1) X2, wov eer weev ey Xy |1+ X105 X2, coveer veee e, Xy [|<O
11X, X2, cen e e, X0 || - S.1I1%X1, Xz, e e s Xn [l SO )
11X1,X2,eeeeevveeeXp || X 1,X 25Xy || (| DS J— Xn |l

= O
Xl

. (t+]Ix1.x2, ey ,
1%, X2y een vee weee s X || = S0 ||X10 X2 o ven veee e, X ]

(s+t+|[x1,x2,.

. :....,anl + {1X1, X2, wee ve v, X Do (84 1X1, X2, v e e, X0 D
------ ol DS B.oT—
. B GRS R e am—a )

| < l|1 (X1,X3, ...,x|n,s) 3)
— . |X1,X2,eerereeinny Xn | |X1,X2,erveeineenXn |
Similarly if a < ) 4
y (S — sull) - 7 GHIxDxZ 0] )
(X1, X, veeveevee e, XX, S T 1) <0 W (X, X2, cor we vee e e, X E) 5)
From (3) and (5) we have,

(X1, X2 eer e wree e, X FXp,8 + 1) SmAX {(Xq, X2, cor ee veev e, X ,S)

o (X1, X2, e e eeee o, X0}
Similarly we get,
VA (X1, X2, e evn ene e, X FX0,8 + 1) <maAx {(Xq, X, eor evr eer v, Xp,S)

(X1, X2 eer ee weee e, X D}
6) For all t; t,€R | t1,1,>0, U (X, Xp, v vov e, Xy, £ @ND V¥(Xq, Xp, v v wew, X t)  @re non increasing
function
Ifty,t; < OtAen W(Xy, Xy, o v evee ey Xy 11 ) = W(Xq, X2y cer ven wen ey Xy T2)
Suppose tq, t,>0
[1X1,X 2,00 eeeene

Xl 11X 2, e
- >()
ceenXn 1) (2 +]|X1,X 2,0y

On simplification we have

(tr+]x1,X2,000

(11X 1,X 25 vy Xn [D- T (taHIx1.x2 .
(X1, Xgy cen eve eee ey X, 1) 2= W (Xq, X, e ve e, Xy )
SO W' (Xq, X3, «e we oo, Xy 1) 1S NON increasing function.
Similarly v*(xq,Xy, -+ «e - .-, Xp,, t) S @IS0 noON increasing function.

lim NP T S ; =lim XX zeeXall

e M0 oy ) £00 (tH X1 X2 xall).
Thus (X, p*,v*) is an intuitionistic fuzzy anti n-normed linear space.
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