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Abstract:
In this article, we introduce the notion of double fuzzy soft sub ideal and double fuzzy soft ideal with

examples. We have proved some interesting results which are very close to the results which are very closer to

the results fuzzy soft ideal in BCK-Algebras.
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Introduction:

Molodtsov [1999] introduced the concept of soft sets that can be seen as a new mathematical theory for
dealing with uncertainty. Molodtsov applied this theory to several directions, and then formulated the notions of
soft number, soft derivative, soft integral, etc. The soft set theory has been applied to many different fields with
great success. Maji et al. [2002] worked on theoretical study of soft sets in detail, and [2003] presented an
application of soft set in the decision making problem using the reduction of rough sets. Chen et al. proposed
parametrization reduction of soft sets, and then Kong et al. presented the normal parametrization reduction of
soft sets. Maji et al. [2003] presented the concept of the fuzzy soft sets (fs-sets) by embedding the ideas of fuzzy
sets [1965]. By using this definition of fs-sets many interesting applications of soft set theory have been
expanded by some researchers. Roy and Maji gave some applications of fs-sets. Som defined soft relation and
fuzzy soft relation on the theory of soft sets. Aktas. and Cagman and Enginoglu [2010] redefined operations of
the soft sets which are more functional for improving several new results. By using these new operations,
Cagman and Enginoglu [2010] presented a soft matrix theory. Cagman et al. [2010] defined a fuzzy
parameterized soft set theory and its decision making method. In this work, we redefine the fs-sets and their
operations, and then define fuzzy soft aggregation operator which allows constructing more efficient decision
processes. We finally give an example which shows that the method can be successfully applied to many
problems containing uncertainties.

2. Preliminaries:

Throughout the paper, U refers to an initial universe, E is a set of parameters and P(U) is the power set
of U. c and o stand for proper subset and super set, respectively. In this section, we cite the fundamental
definitions that will be used in the sequel;

Definition 2.1: An Algebraic system (X, *, 0) of type (1, 2) is called a Double BCK-algebra if it satisfies the
following conditions;

(DBCK-1) ((x**y?) * (x**2°) *(z°*y?)) = 0

(DBCK-2) ((x**(x**y)) *y* = 0

(DBCK-3) x**x* =0

(DBCK-4) 0%*x* =0

(DBCK-5) x**y?* = 0 and y**x* =0 = x =y , forall x,y z, & X.
Definition 2.2: A Double fuzzy soft subset & of X is called a Double fuzzy left soft ideal if

(DFI-1) 8% (0) > 8% (x)

(DFI-2) 8%(x) > inf{ 8*(x*y) , &° (Y)}

(DFI-3) 8°(xa) > inf{ 8%(x*y) , &° (a)} , for all x,y,a & X.
A Double fuzzy soft subset 5 is called a double fuzzy right soft ideal if it satisfies (DF-1), (DF-2) and (DF-4)
8%(ax) > inf { 8°(x*y), 8°(a)}, for all x,y,a e X .
A doublefuzzy soft subset § of X is called a double fuzzy soft ideal if it is both left and right double fuzzy soft
ideal of X.
Definition 2.3: A double fuzzy soft subset & of X is called a double left fuzzy soft -r-ideal if

(DLFr-1) 8% (0) > 8% (x)

(DLFr-2) 8%(x*z) > inf{ 8*(x*y)*z , 8° (y*z)}

(DLFr-3) 8%(xa) > inf { 8°(x) , 8 ()} , for all x,y,z,a & X .
Example 2.4: Let X= {0, 1, 2} be semi group with following cayley tables;
* 0 1 2

0 0 0 0
1 2 0 1
2 2 1 0
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° 0 1 2
0 0 0 0
1 0 1 0
2 0 0 2

Define a double fuzzy soft sub set &% : X — [0,1] by 8 (0) = 0.4 and &° (x) = 0.5, for all x# 0. Then by usual
calculations, we can prove that 6 is a doublefuzzy soft left -r-ideal of X.
Definition 2.5: A soft set f, over U is defined as f;: E— P(U) such that f, (x)=0 if x €A. In other words, a soft
set U is a parameterized family of subsets of the universe U. For all € € A f,(€) may be considered as the set of
e-approximate elements of the soft set f;. A soft set £, over U can be presented by the set of ordered pairs:
fa ={(x, f1(x)) /x €EE, f4(x)=P (U)}.......... (1

Clearly, a soft set is not a set. For illustration, Molodtsov consider several examples in (1999).

If f, is a soft set over U, then the image of f, is defined by Im(f;) = {f4(a)/a € A}. The set of all soft
sets over U will be denoted by S(U). Some of the operations of soft sets are listed as follows.
Definition 2.6: Let f;, fz €S(U). If f,(x) S fz(x), for all x € E, then f;is called a soft subset of fzand denoted
by f4 S f5.faandfpare called soft equal, denoted by f, = fz ifand only if f; S fz and f; C f.
Definition 2.7: Let f;, f €S(U) and y be a function from A to B. Then the soft anti-image of f, under y
denoted by x(fy), is a soft set over U defined by,

_(n{fa(@)/a € A x(a) = b}, ifx (D) # 8
x7,(0) = { : R R ?)

for all beB. And the soft preimage of f; undery, denoted by y~1(f5), is a soft set over U defined by X_lfB (a) =

fz(x(a)), forall a € A.
Note that the concept of level sets in the fuzzy set theory, Cagmanet. al [2007] initiated the concept of

lower inclusions soft sets which serves as a bridge between soft sets and crisp sets.
Example 2.8: Assume that U=Z is the universal set and G=Z,, is the subset of parameters. We define a soft set
feby f:(00={0,1,2,3,4,5,6,7,8,9, 10}
fe(1)=40,2,4,6,8,10},f:(2) ={1,3,4,6, 7}.f;(3) ={0, 2, 3,6, 9}, f; (4) ={1,3,4,6, 7}
fc(5) =10, 2, 4,6, 8,10}.1tis clear that f;(1 + z) 2 f;(1) N f;(2), implying f; is not a soft int-group over U.
Definition 2.9: For any subset A of E, a soft set A, over U is a set, defined by a function A, , representing the
mapping A,: E - P(U). A soft set over U can also be represented by the set of ordered pairs A, = {(X, A, (X));
X€EE, A5 (X)€ P(U) }. Note that the set of all soft sets over U will be denoted by S(U).
Definition 2.10: Let A, u €S(U). Then
If A(e) = @ for all e €E, A is said to be a null soft set, denoted by @.
If M(e) = U for all e €E, A is said to be an absolute soft set, denoted by U.
Ais a soft subset of p , denoted LS p, if A(€) € p(e) for all e€E.
Soft union of A and p, denoted by L U i, is a soft set over U and defined by A U p: E - P(U) such that
(A U p)(e) =Ae) U w(e) for all e €E.
A=p,ifACS pand A2 .
Soft intersection of A and p , denoted by A N p , is a soft set over U and defined by A n p: E - P(U)
such that (A N w)(e) = A(€) N u(e) for all e €E.

v Soft complement of A is denoted by A® and defined by A®: E — P(U) such that A°(e) = u/A(e) for all e

€E.
Definition 2.11: Let E be a parameter set, S ¢ E and A: S — E be an injection function. Then Su A(s) is called
extended parameter set of S and denoted by &;.
If S=E, then extended parameter set of S will be denoted by¢.
3. Properties of Double Fuzzy Soft Ideals:
Theorem 3.1: Every double fuzzy left (resp., right) soft r-ideal of X is a double fuzzy left (resp., right) soft ideal
of X.
Proof: Let & be a doublefuzzy left softr-ideal of X. Then & satisfies the conditions of (DF-1) and (DFr-2) of
definition 3.2.4.
We have 8°(x*z) > inf{ 8°(x*y)*z , 8*(y*z)}
Putting z=0, we get
82(x*0) > inf{ 8°(x*y)*0, &° (y*2)}.
Thus 8%(x*) > inf{ 8*(x*y) , 8 (y)}. Hence & is a double fuzzy left softideal of X.
Example 3.2: Let X={p, q, r} be semi group with following cayley tables;
* p q r

p
r
r

AN NI NN

AN

p p p
q p q
r q p
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° p q r
p p p p
q p q p
r p p r

Define a double fuzzy soft subset 52 : — [0,1] by 8 (0) = 0.7 and &2 (X) = 0.4, for all x# 0. Then by usual
calculations, we can prove that & is a double fuzzyleft soft ideal of X.But it is not doublefuzzy left soft r-ideal of
X. Since 8% (q*p) < inf {8°(q*p)*p, 8°(p*p)}.
Theorem 3.3: Let & be a double fuzzy left (resp., right) softideal of X. Then the non-empty level set &" is also a
double fuzzy left (resp., right) soft ideal of X.
Proof: We have 6 is a doublefuzzy left soft ideal of X.
If X, y, aed” then 8 (x) > B, & (y) > B and & (a) > B.

v We have 8 (0)> &% (x) > B, thus &° (0) > & (x).

v' Define B = inf{ 8*(x*y) , 8 (y)}. We have & (x) > B, then &° (x) > p= inf{ 3*(x*y) , 5 (¥)}.

v Define p = inf { $%(x) , & (a)}. We have haved® (xa) > P, then §? (xa) > B= inf{ &°(x*y) , &% (a)}.

Hence &” is a doublefuzzy left soft ideal of X.

Definition 3.4: Let X and & be the doublefuzzy soft subsets in a set X.The Cartesian product Ax3 : XxX — [0,1]
is defined by ( A?x8%)(x,y) = inf { A2(x) . 8%(x)} for all x,ye X .
Theorem 3.5: Let A and & be a double fuzzy left (respectively right) soft ideal of X, then A X 8 is also double
fuzzy left (respectively right) soft ideal of X.
Proof: For any (x, y) € X xX. We have
v (x 8)(0,0) = inf {27 (0), 5%(0) }> inf {2’ (x), 3(y) }= (A°x &) (xy)
v' Forany (X,X2), (Y1,Y2) € X xX, We have
(O x 8)(xa %) = inf { A% (x)), 8%(xz) } Zinf{ inf { 1* (x*y1), 8°(yy) }, inf 8°(;*y,), 8°(y2) 3}
= inf{ inf { 2% (x,*y1), 8°(X2*Y2) }, inf 8°(y2)}} =inf{ (A x 8°) (X0, X2) *(Y1.Y2))s (F° x 8°)(y1.Y2)}
v' For any x,a € X then xa € X and (x,y),(al,a2) € X xX, We have

(W x 8)(xyD)(anay) = (V’ x 8°)(Xar,Xa) = min { A* (xay), 8°(yaz) }

> inf { inf{A” (), A*(a;) } . inf { 8° (y), 8(az) }} = inf { inf{A* (x), 2%(y) } , inf { 5° (a1), 8°(ar) }}

= inf {(A°%x 8)(xy), (F°x 8)(ana) }.

Theorem 3.6: Let A and & be double fuzzy subsets of X such that (A X p) isdouble left (respectively right) fuzzy
soft ideal of X x X. Then
v either A*(0) > A% (X)or 8%(0)> &%(X)
v ifA%(0) > A? (X)then either A*(0)> A*(X) or 8%(0)> 8%(x)
v if 8%(0)> &%(X), then either A%(0) > A2 (X)or A%(0)> 5%(x) forall x € X .
Proof: By using reduction and absurdity, we can prove the theorem easily.
Theorem 3.7: Let A and & be the double fuzzy subset of X. If A X & is a left (respectively right) fuzzy soft ideal
of X x X, then either A or 8 is a doublefuzzy left (respectively right) soft ideal of X.
By theorem 3.3.6 of (i), without loss of generality, we assume that A (0)> &%(x) for all x € X. By theorem 3.3.6
of (iii) that either A%(0) > A2 (X)or A%(0)> 8%(x) for all x € X .
I£22(0)> 8%(x), then \? x 8%)(0,x) = inf { A% (0), 8%(X) }--—-- ©)
Since A x 6 is a doublefuzzy soft left ideal of X xX, therefore for all (X1,X,), (Y1,Y2), (an,a) € X xX, then
(W x8)(XX2) = inf { (A x 8)(X1.X2) *(Y1.Y2))), (A x 8%)(Y1.y2)} and
07 x ) ((xax2)(@1,82)) > inf { (A x 8)(x*x2), (A x &%)(an,a2)}
(A x 8%)(x1,%2) = inf { (M x 8%)(X*y1) )0*Y2)), (W x 87)(Y1.Y2)} and
(A x %) ((x1X2)(an,89)) > inf { (A x 8%)(X1,Xp), (A x 87)(an,a2)}
IfX1=y1=a1=O
(W x 8)(0%) = inf { (° x °)(0%0) )(X2*Y2)), (A* x §°)(0,y,)} and
(* x 8)((0%:)(0,27)) = inf { (A" x 8°)(0.x;), (" x §°)(0,2,)}
Using (1), we get
8%(xp) > inf{ 8%((x2*y,), 8°(y2) and &%(x,a,) > inf { 8°((X *ap), 8%(a)}
This completes the proof.
Conclusion:

In this paper, we introduce the notion of double fuzzy soft sub ideal and double fuzzy soft ideal with
examples. We have proved some interesting results which are very close to the results which are very closer to
the results fuzzy soft ideal in BCK-Algebras.
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